ABSTRACT A quantitative damage model of ceramic coating systems was developed based on their load-displacement curves obtained from three-point bending tests. According to the energy mechanism of damage, the normalized damage rate of such systems can be simply expressed using the load and the tangent slope of their load-displacement curves. The experimental results demonstrated the thickness dependence of fracture and damage. In thin coating systems, tensile failure was found to be predominant and multiple transverse cracks appeared in the coatings. In contrast, thick coating systems showed a predominance of interface shear failure and the occurrence of interface delamination. These observations are consistent with previous experimental results.
Introduction
The study of fracture and damage characteristics of ceramic coating systems has gained immense attention because of the wide range of applications of these coatings in many fields. For example, some ceramic coatings are used for the thermal protection of aerospace vehicle engine blades or for corrosion-resistance applications [1] [2] [3] [4] [5] . The fracture and spall of ceramic coatings leads to the failure of the alloy substrate parts exposed to high temperatures or corrosion media. Therefore, investigating the intrinsic damage behavior and fracture mechanism of ceramic coating systems is important not only for designing coating parts but also for understanding the damage rule of coating systems. It is well known that bulk ceramic materials show brittle damage and catastrophic failure characteristics. Hao et al. studied the damage of bulk rocks by uniaxial compression experiments and found that a power-law singularity of damage exited at the catastrophic rupture point of the rocks [6] . However, the failure characteristics of ceramic coatings have not been known in detail. An understanding of the failure mechanism of ceramic coatings will be helpful in predicting the failure of important coating parts.
Coating surface cracking and interface cracking between the coatings and the substrates are the main fracture modes observed in the ceramic coating parts exposed to high temperature, thermal shock, or the other extreme conditions [7] [8] [9] [10] [11] [12] [13] [14] . This can be attributed to oxidation [7] [8] [9] [10] , thermal cycles [11] [12] [13] [14] , thermal-mechanical coupling effects, etc. In order to study the failure mechanism of coating systems, various mechanical loading experiments such as the tensile tests [15] [16] [17] , four-point bending tests [18] [19] [20] [21] , three-point bending tests [22] [23] [24] , etc. were carried out at room temperature [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . These tests are based on the equivalent thermal mechanical energy of ceramic coatings. Zhu et al. carried out a tensile simulation of ceramic coatings and reported that their surface crack density and interface crack length depended on their thickness [15] . In the case of the thin coatings examined in this study, more surface cracks were observed and interface delamination did not occur easily. These results are in the consistence with the four-point bending results reported [19] . Li et al. carried out three-point bending tests on ceramic coating systems and also reported their thickness-dependent failure [23] . They found that transverse cracks dominated the thin coating systems, while interface delamination was predominated in the thick coating systems. Thouless derived an analytic solution for crack spacing in brittle films on elastic substrates about thirty years ago [25] . McGuigan et al.
elucidated the fracture behavior of brittle film/ductile substrate systems with uniaxial tensile strain using an elastic-plastic shear-lag model and calculated their crack density as the function of strain [26] . A delamination-based energy model of segmentation cracking of thin films has also been developed [27] . This model could predict the number of cracks in brittle thin films grown on ductile substrates.
The crack propagation and damage evolution of coating systems have been studied further, and the change rule of the number of transverse cracks in the coatings with strain under mechanical loading has been investigated [16, 18, [28] [29] . Qian et al.
proposed a damage evolution model of coating/substrate/coating sandwich structures under tensile loading [28] . This model included the initiation, propagation, and saturation of transverse cracks in the coatings. Wang et al. investigated the change in the number of microcracks in ceramic coatings with a change in the number of thermal cycles by synchronically observing the microstructure evolution of the coatings under a thermal shock [14] . Schweda et al. investigated the variation of the interface crack area in ceramic coatings with the number of thermal oxidation cycles [30] . Wang et al. studied the evolution of the interface crack area between the ceramic coating and bond layer under a load by carrying out a 3D uniaxial tensile simulation (the tensile direction was vertical to the interface) [31] . Although the microstructure or crack evolution under loading has been observed and fracture modes have been predicted by some models, the development of a quantitative damage evolution model is imperative to predict failure. Recently, an analytic damage model based on the Taylor expansion of controlling stress as the function of damage at the catastrophic failure point has been developed to investigate the crack evolution behavior of the coating systems with different coating thicknesses and microstructures subjected to in-situ three-point bending tests [32] . The power-law relation of damage of all kinds of coatings with controlling stress was found to be same as that of bulk brittle materials [32] . This model could describe the damage evolution characteristics of ceramic coatings quantitatively. However, this model was based on mathematical derivations and the damage characterization was dependent on the detailed crack evolution. Therefore, a damage model based on mechanical derivations related to physical mechanisms needs to be developed. In previous bending experiments of coating/substrate systems, the slopes of load-displacement curves were found to decrease after the initial linear step [19, 23] , which corresponded to cracking in the ceramic coatings or interface. The initial nonlinear step (i.e. damage step) needs to be considered since the early damage step is important for complete failure. The use of load-displacement curves to study the damage of ceramic coatings is an attractive idea of characterizing their damage. This method is easy and convenient compared to the detailed capture of crack evolution. Therefore, in this study, a quantitative damage model based on the energy analysis and mechanical derivations was established, and the normalized damage and damage rate with load could be expressed by the change in the tangent slope of the load-displacement curves. In situ three-point bending tests were also performed to obtain real-time load-displacement curves and to verify the model for practical applications. Fig. 1 shows a schematic of load (P)-displacement (w) curve of a ceramic coating system under mechanical loadings (such as tensile or bending loadings). It can be seen from Fig. 1 that at loads higher than the elastic limit load e P of the system (point E is the turning point from linear to nonlinear response of the curve), the curve deflected and tangent slope of the curve decreased. The tangent slope reduction step is defined as the damage step (EG is the local enlargement of the damage step). The selection of the damage step for the experimental curves will be discussed in section 4.
Mechanical damage model
The decrease in the tangent slope of the curve near e P can be attributed only to the cracking in the coating (or interface). The total potential energy  of such a system can be written as
where W is the external potential energy related to the external force and U is the strain energy. The change in total potential energy because of damage is
where D is the damage defined by crack area and c G is the conjugated damage dissipated work in unit area (i.e., the critical energy release rate of cracking). In the absence of damage, the displacement corresponding to the load P was OA (see point M in Fig. 1 ). However, in the presence of damage, the actual displacement w was OC (see point F in the load-displacement curve), and the damage displacement d w was AC, i.e.,
where e k is the slope of the elastic (linear) step. A small increase in the load ( P  )
resulted in an actual displacement of OD ( 1 w w w    ) corresponding to the load PP  (see point G). In the absence of damage, the displacement should have been
Therefore, the increase in the damage displacement corresponding to P  was (3) and (4), we have
At the load P, the change in external potential energy is given by
because of a small increment of the damage displacement, and according to the linear elastic fracture mechanics,
By combining these equations with Eq. (2), the following expression can be obtained,
If we divide both the sides of Eq. (6) by the corresponding load increment P  , the above equation becomes
By combining Eqs. (7) and (5) and considering the damage rate to be
, the damage rate could be finally obtained from the load-displacement curve as follows,
where k is the tangent slope of the load-displacement curve. Equation (8) shows that the damage rate R at any point in the damage step could be obtained by the load P, tangent slope k, slope e k of the elastic step, and critical energy release rate c G .
Furthermore, the integration of both the sides of Eq. (6) yields the damage as the damage could also be described using the load-displacement curve as follows, 
Equation (9) indicates that the damage D corresponding to P was proportional to the difference between the area under the curve EF (S EQCF ) and the trapezoid area S EQAM , as shown in Fig. 1 . This difference reflects the energy released because of the damage.
According to Eq. (9), the damage D could be calculated by fitting the load-displacement curve obtained from the experiments to yield the P(w) function. To verify this damage model for practical applications, in-situ three-point bending tests
were carried out on various coating samples. The resulting load-displacement curves were then used to elucidate the damage law.
Experimental

Samples and experimental method
The coating samples used in this study were 8 wt.% Y 2 O 3 -stabilized ZrO Table 1 . In order to observe the real-time crack evolution, the in situ three-point bending tests were carried out in the same manner as that used in previous studies [23] . The cross-section of the samples was ground and polished. The samples were 
Experimental results
Fig . 3 shows the load-displacement curves of the coating systems subjected to the three-point bending tests. From the figure, it can be seen that the curves for the coatings with similar thicknesses were almost the same. Note that some small load drops in the curves corresponded to the points at which the images were captured to obtain the real-time crack maps [19, 23] . At these points, loading was stopped temporally (resulting in the stress relaxation of the system) and resumed again after capturing the images. However, these stress relaxation did not affect the overall load-displacement curves of the samples. Under the three-point bending condition, at displacements larger than about 0.25 mm, the thick coating systems showed lower loads than the thin coating systems, as shown in Fig. 3 . This is mainly because of the interface delamination between the thick coatings and the substrates. 4(b) that in the thin coatings, the transverse crack evolution included the initiation, multiplication, and saturation steps. In the case of the thick coatings, the interface crack showed faster initiation and progress, as shown in Fig. 5(b) . This is in consistence with the previous experimental results [32] . Although in the thick coating systems, a transverse crack appeared before the initiation of interface cracking, the interface shear failure dominated the systems, as was analyzed in a previous study [23] . Thus, for thick coating systems, interface crack evolution is important. 
Selection of damage step
The load-displacement curves in Fig. 3 were focused on the first two steps i.e. the linear and damage steps. At small loads, only elastic deformation was observed in the linear step. The damage step is related to the ceramic coating (or interface)
cracking. In the damage step, when energy was dissipated by the cracking of the coatings or the delamination of the interface, the stiffness of the systems and the tangent slope of the curves decreased. With a further increase in the load, the plastic deformation of the substrates occurred during the last step and the tangent slope increased again, as shown in Fig. 5(c) . Note that plastic substrates do not contribute to the damage step because of their high yield strength (850 MPa [23] ) and elastic modulus (200 GPa [23] ).
According to the definition of damage, the beginning point of the damage step is the elastic limit of coating systems. At loads higher than the elastic limit load e P , the coatings showed cracking (Fig. 4 (b) ). For thin coating system S1, the end point f P of the damage step was the point at which the number of transverse cracks saturated, as shown in Fig. 4 (b) . This is because the multiple transverse cracking in the coating dominated failure. In thick coating system S4, the damage of the step between the elastic limit and point 1 ( Fig. 5 (a) ) was caused by transverse cracking in the coating.
The interface crack initiated at point 1 ( Fig. 5 (b) ). The end point f P of the damage step was the transition point of the change tendency of the tangent slope of the load-displacement curves from decreasing to increasing as shown by point 2 in Fig.   5 (c). The interface crack showed a quick progress at the step between the points 1 and 2, and the tangent slope of the curve decreased rapidly. At point 2, an obvious interface crack appeared (Fig. 5 (b) ). Considering the fact that the interface shear failure dominated the thick coating systems, only this step of interface damage is shown in Fig. 6 for comparison with the damage in the thin coating systems. The elastic limit load e P , slope e k of the elastic step, and failure load f P are given in Table 1 .
Catastrophic failure behavior
According to the definition of damage rate D R P    , in order to compare the mechanical damage model with a previous normalized mathematic damage model [32] , the damage rate can be normalized as 
According to Eq. (11), after the determination of the damage step, the normalized damage rate * R with an increasing normalized load  could be obtained using the k value of the damage step and Note that the damage law based on Eqs. (11) and (12) variations [34] because of the differences in their microstructure and preparation conditions. The difference in the methods used to calculate the c G of thermal barrier coatings is also responsible for these variations. However, the coatings exhibited the same damage law. Fig. 6 shows the change in the normalized damage rate with an increase in the normalized load during the three-point bending tests. The symbols denote the experimental data (S1-S6) based on the mechanical damage model (Eq. (11)), and the curves were based on a previous mathematical damage model [32] . It can be seen that the damage rate increased rapidly as the load was near the failure point. The damage and failure displayed a catastrophic characteristic, agreeing with the previous studies on the power-law singularity of the damage rate at the failure point [6, 32] , i.e., * 0.5
(C is the damage coefficient) [32] , the curves in Fig. 6 are the results using the above power-law expression with fitted coefficients from the average experimental data for thin and thick coatings respectively. Fig. 7 shows the change in the normalized damage with an increase in the normalized load during the three-point bending tests. It can be seen that the damage increased obviously as the load approached the failure point. Fig. 6 shows that under the three-point bending conditions, the damage rate * R of the thick coating systems near the failure point was significantly higher than that of the thin coating systems, indicating that the catastrophic characteristic of the thick coating systems was more obvious. This is because of the difference in the damage localization degrees and failure modes of these coating systems. The damage zone of the interface crack was more localized than that of the multiple transverse cracks. The damage localization has been studied in detail in some previous studies [35] [36] . The damage evolution can also be reflected by the controlling variable  of initial damage (Fig. 7) . The damage initiated earlier at the smaller  for thin coatings (S1-S3), and the initial In order to verify the model further, the load-displacement curves of the coating systems subjected to the four-point bending tests in Ref. [19] (Fig. 5 in the reference)
were also used to characterize the damage rate and damage. In Figs. 8 and 9, S1 and S4 are the representative samples of the three-point bending tests in present study, and the samples through S7 to S12 are the samples of the four-point bending tests [19] .
From Fig. 8 , it can be seen that the catastrophic characteristic of the damage under the three-point bending tests was more obvious than that under the four-point bending tests. This is attributed to the higher stress localization degree in the three-point bending samples. The stress in the zone under the three-point bending load was more concentrated, while the stress in the pure bending section under four-point bending was more uniform. Figure 9 also shows that the damage increased obviously up to be complete when the load approached the failure point. Note that microstructures of sprayed ceramic coatings are heterogeneous and experimental data of different samples during same mechanical tests are often scattered, the statistical analysis is usually used to evaluate the failure probability. On the other hand, normalization is an effective method to reveal general rule. Therefore, the normalization of damage was carried out for each sample here, and the experimental results of different samples in terms of Eqs. (11) and (12) showed the same power law (Figs. 6-9) in spite of different absolute values. Damage characterization here reflects the intrinsic law of damage evolution itself from its initiation to completeness despite of different samples or failure modes, and thus, the normalized damage is independent from the critical energy release rate of cracking.
Conclusions
In summary, a mechanical damage model for ceramic coating systems was Table 1 . Thicknesses of the coatings, widths of the samples, slopes of the elastic steps of the load-displacement curves, elastic limit loads, and failure loads.
